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We study entanglement generation between a system qubit and three apparatus qubits using an
exactly solvable Arthurs-Kelly type model. We demonstrate the possibility of generating an EPR-
like maximally entangled system-apparatus state, in which the second qubit of the usual EPR state
is replaced by a three qubit state. We design a very simple protocol to transfer the unknown state
of the system onto one of the apparatus qubits which can then be sent elsewhere via a quantum
channel. This protocol can be seen as an alternative teleportation scheme.
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I. INTRODUCTION
The idea of Quantum entanglement was introduced by
Schro¨dinger [1]. The truly non-classical features of entan-
glement drew wide attention after the work of Einstein,
Podolsky and Rosen (EPR) [2] and John Bell [3]. In the
last two decades, quantum entanglement has emerged as
an important resource for Quantum Information process-
ing tasks, such as Quantum Teleportation [4–10], Quan-
tum Key Distribution [11], Quantum Computing [12–14]
and Quantum Metrology [15–17] . Here we report a very
simple method for teleportation of an unknown state of
a system qubit using an interaction that maximally en-
tangles the qubit with three apparatus qubits.
Entangling interactions have been used previously in
quantum measurement theory. Von Neumann introduced
the idea of tracking of a system observable by using an
apparatus observable [18]: the system interacts with the
apparatus for some time such that the apparatus observ-
able has the same expectation value in the final state as
the system observable in the initial state. The idea was
extended by Arthurs and Kelly [19–22] to the joint track-
ing of two canonically conjugate observables by two com-
muting apparatus observables. The tracking cannot be
noiseless and hence, only approximate joint measurement
of non-commuting system observables is possible. This
yields a joint measurement uncertainty relation [23–25]
for conjugate observables. It has also been shown that
the Arthurs Kelly (AK) interaction can be utilized for
remote quantum tomography of continuous variable sys-
tems [26]. Extensions of AK type measurements have
been made to joint measurement of different components
of spin observables [27–29].
Here we consider the Levine et al [27] AK type mea-
surement interaction between a system qubit and three
apparatus qubits such that the three (mutually non-
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commuting) spin components of the system qubit are
tracked by mutually commuting spin components of the
apparatus qubits. We first derive a joint measurement
uncertainty relation in Sec. II, and then, in Sec. III,
show that the interaction can give rise to maximal en-
tanglement generation between an unknown system qubit
and the apparatus. In Sec. IV we outline a new protocol
to transfer the unknown state of the system qubit using
the maximally entangled state. The transferred quan-
tum state could then be sent via a quantum channel,
effectively acting as an alternate scheme of teleportation,
which doesn’t require EPR-sharing or Bell state measure-
ments, and instead involves the AK type interaction and
single particle spin measurements. In Sec. V we conclude
by discussing possible avenues towards experimental im-
plementation of this result.
II. JOINT MEASUREMENT UNCERTAINTY
RELATION
In the usual AK model for simultaneous approximate
measurement of conjugate variables q, p of a system par-
ticle P, an interaction proportional to qP1 + pP2 with
mutually commuting apparatus variables P1, P2 is as-
sumed. There is extensive literature on its experimen-
tal implementation in quantum optics where q, p denote
conjugate quadratures of photons [19–22, 25]. Consider
now possible generalizations to spin measurements. In
the quantum model of Levine et al [27] the three non-
commuting spin components of a spin half particle P are
coupled with three meter qubits (A1, A2 and A3) via an
AK type interaction,
H = K(σPx σ
A1
z + σ
P
y σ
A2
z + σ
P
z σ
A3
z )
= K
∑3
i=1 σ
P
i σ
Ai
z (1)
where σQi is the i
th Pauli Operator for the particle
Q, where Q = P,A1, A2 or A3, and σ
Q
1 = σ
Q
x , σ
Q
2 =
σQy , σ
Q
3 = σ
Q
z . (This is reminiscent of a system par-
ticle P of magnetic moment M interacting classically
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2with apparatus particles A1, A2 and A3 with respective
magnetic moments M1, M2 and M3 via magnetic mo-
ment interactions with a Hamiltonian proportional to
M.(M1 +M2 +M3).)
Neglecting other interactions during the short interac-
tion time T , the unitary evolution of the four qubit initial
state |0〉 to the final state |T〉 is given by,
|T〉 = Uˆ |0〉, Uˆ = exp[−iHT ]. (2)
The unitary evolution operator can be simplified to give
Uˆ = cos θ1− i√
3
sin θ
3∑
i=1
σPi σ
Ai
z (3)
where 1 denotes the identity operator and θ =
√
3KT .
The time evolved meter operators after time T in the
Heisenberg picture can be written as
σAix (T ) = Uˆ
†σAix Uˆ = cos
2 θσAix − sin (2θ)σPi σAiy /
√
3
+
1
3
sin2 θ
(
σAix + 2σ
Ai
y
3∑
j,k=1
ijkσ
P
j σ
Ak
z
)
, (4)
where ijk is the totally antisymmetric symbol with
123 = 1, and σ
P
1 = σ
P
x , σ
P
2 = σ
P
y , σ
P
3 = σ
P
z ; this yields,
for example,
〈T|σA1x |T〉 = 〈0| cos2 θσA1x − sin (2θ)σP1 σA1y /
√
3
+
1
3
sin2 θ
(
σA1x + 2σ
A1
y (σ
P
2 σ
A3
z − σP3 σA2z )
)|0〉. (5)
If we start with an initial state,
|0〉 = |ψ〉|+〉A1 |+〉A2 |+〉A3 ≡ |ψ,+,+,+〉 (6)
where |ψ〉 is the unknown initial state of particle P , |±〉
are eigenstates of the Pauli Matrix σy with eigenvalues
±1,
σy|±〉 = ±|±〉, σz|+〉 = |−〉, (7)
we obtain,
〈0|Σi|0〉 = 〈ψ|σPi |ψ〉, (8)
where,
Σi ≡ −
√
3
sin (2θ)
σAix (T ). (9)
For the variances,
(∆σPi )
2 = 〈ψ|(σPi )2|ψ〉 − 〈ψ|σPi |ψ〉2
(∆Σi)
2 = 〈0|Σ2i |0〉 − 〈0|Σi|0〉2 (10)
we have the uncertainty relations,
(∆Σi)
2 − (∆σPi )2 = 3sin2 (2θ) − 1 ≥ 2∑3
i=1(∆σ
P
i )
2 = 2,∑3
i=1(∆Σi)
2 = 9
sin2 (2θ)
− 1 ≥ 8. (11)
The uncertainty relations in Eqs. 10 and 11 in the case
of spin measurements are the analogues of the measure-
ment uncertainty relations in the standard AK case of q, p
measurements. The tracking of σPi by Σi is not noiseless;
the minimum noise is achieved for θ = pi/4.
III. ENTANGLEMENT GENERATION
The time evolved state after time T is,
|T〉 = cos θ|ψ,+,+,+〉 − i sin θ√
3
(
σPx |ψ,−,+,+〉
+σPy |ψ,+,−,+〉+ σPz |ψ,+,+,−〉
)
. (12)
If the system qubit is denoted by
|ψ〉 =
(
a
b
)
= a|0〉+ b|1〉, (13)
the above state can be expressed in the following form:
|T〉 = |0〉
(
a cos θ|+ ++〉 − i(sin θ/
√
3)
× (b| −++〉 − ib|+−+〉+ a|+ +−〉))
+ |1〉
(
b cos θ|+ ++〉 − i(sin θ/
√
3)
× (a| −++〉+ ia|+−+〉 − b|+ +−〉)). (14)
Note that the apparatus states multiplying the system
states |0〉 and |1〉 are mutually orthogonal if and only if
cos2 θ = 1/4; in that case the above state is expressed in
the Schmidt bi-orthogonal form [30].
The final reduced density matrices for the system qubit
P and the three-qubit apparatus A = A1, A2, A3 are,
ρP = Tr{A1,A2,A3}|T〉〈T|; ρA = Tr(P )|T〉〈T|. (15)
This yields,
ρP00 = cos
2 θ|a|2 + 1
3
sin2 θ(1 + |b|2)
ρP01 = (ρ
P
10)
∗ = (cos2 θ − 1
3
sin2 θ)ab∗
ρP11 = cos
2 θ|b|2 + 1
3
sin2 θ(1 + |a|2)
The system-apparatus entanglement E is given by the
von Neumann entropy of the reduced density matrix of
system P or equivalently of the apparatus A, [31]
E = −TrρP lnρP = −TrρAlnρA
= −λ lnλ− (1− λ) ln(1− λ), (16)
3where λ and 1− λ are eigenvalues of ρP which obey
λ(1− λ) = detρP = 2
9
sin2 θ(1 + 2 cos2 θ).
The entanglement is maximum when λ = 1/2 , i.e.
cos2θ = 1/4,
E ≤ ln 2;E = ln 2 for cos2 θ = 1/4. (17)
For cos θ = 1/2, sin θ = ±√3/2, the correspond-
ing maximally entangled final states |T±〉 assume the
Schmidt bi-orthogonal forms,
|T±〉 = |0〉
2
(
a|+ ++〉 ∓ i(b| −++〉
− ib|+−+〉+ a|+ +−〉))
+
|1〉
2
(
b|+ ++〉 ∓ i(a| −++〉
+ ia|+−+〉 − b|+ +−〉)). (18)
These states, are analogous to the two qubit EPR states,
with one of the qubits replaced by three qubits.
Since θ =
√
3KT , it is seen that by varying the prod-
uct of the strength and duration of interaction, such that
cos θ = 1/2, sin θ = ±√3/2, maximal entanglement be-
tween the system and the apparatus can be achieved.
IV. QUANTUM STATE TRANSFER WITH THE
MAXIMALLY ENTANGLED STATE
Suppose we wish to transfer the unknown state of the
particle P on to one of the apparatus particles, say A2,
which can then be teleported. This might be useful e.g.
if A2 is more easily transported over a quantum channel
than P or if it has a longer lifetime than P . If we expand
the state |T〉 for general θ in the basis of the orthogonal
states |±〉 for the A1, A3 particles, we obtain,
|T〉 = |+〉A1 |+〉A3(
|0〉(a cos θ|+〉A2 − b(sin θ/
√
3)|−〉A2)
+|1〉(b cos θ|+〉A2 + a(sin θ/
√
3)|−〉A2)
)
+|+〉A1 |−〉A3 |+〉A2(−i sin θ/
√
3)(a|0〉 − b|1〉)
+|−〉A1 |+〉A3 |+〉A2(−i sin θ/
√
3)(b|0〉+ a|1〉). (19)
Strikingly, we see a connection between maximal entan-
glement and perfect state transfer: the coefficients of
|+〉A1 |+〉A3 |0〉 and |+〉A1 |+〉A3 |1〉 are states of particle
A2 which are unitary transforms of the original unknown
state of particle P , if and only if sin θ = ±√3/2 (maxi-
mal entanglement between the system and the appara-
tus). For these special values of θ, Eq. 19 immedi-
ately suggests the following teleportation protocol. If
we make measurements on |T±〉 to project it on to the
sub-spaces |+〉A1 |+〉A3 |0〉 ,and |+〉A1 |+〉A3 |1〉, we obtain
respectively the following normalized states of the qubit
A2,
2〈0|〈+|A1〈+|A3 |T±〉 = a|+〉A2 ∓ b|−〉A2
= −iU†1 (a|0〉 ± b|1〉)A2
2〈1|〈+|A1〈+|A3 |T±〉 = b|+〉A2 ± a|−〉A2
= ±iU†2 (a|0〉 ± b|1〉)A2 , (20)
where U1 and U2 are the unitary transformations
U1 =
1√
2
(
1 −i
−1 −i
)
;U2 =
1√
2
(
1 i
1 −i
)
(21)
For general θ, we can read off the corresponding non-
unitary transformations Uˆ1, Uˆ2, and see that,
(Uˆ†1 Uˆ1 + Uˆ
†
2 Uˆ2)/2− 1 =
(
1− (4/3) sin2 θ)1, (22)
where 1 denotes the unit matrix, and the right-hand side
gives a quantitative measure of the imperfection of tele-
portation when sin2 θ 6= 3/4.
If sin2 θ = 3/4, we recover |ψ〉A2 by applying the appro-
priate unitary transforms U1 , U2 if cosθ = 1/2, sin θ =
+
√
3/2, and the unitary transforms σzU1 , σzU2 if cosθ =
1/2, sin θ = −√3/2. On the other hand coefficients of
|+〉A1 |−〉A3 |+〉A2 and |−〉A1 |+〉A3 |+〉A2 are proportional
to U3|ψ〉P and U4|ψ〉P , where,
U3 = σz;U4 = σx (23)
A flowchart of the state transfer protocal is provided in
Fig. 1 for the case cos θ = 1/2, sin θ = +
√
3/2. A mea-
surement of σA1y = Y (A1) and σ
A3
y = Y (A3) separates
the emerging particles into three beams with probabili-
ties 1/2, 1/4 and 1/4 .
The first beam with Y (A1) = +1, Y (A3) = +1 (proba-
bility 1/2) is subjected to a measurement of σPz = Z(P ):
this yields two beams of A2 particles with Z(P ) = +1
and Z(P ) = −1 which are then subjected to the unitary
transformations U1 and U2 respectively (see Eq. 21) to
yield the state |ψ〉A2 which is teleported through a quan-
tum channel.
The second beam with Y (A1) = +1, Y (A3) =
−1, Y (A2) = +1 (probability 1/4) is subjected to a uni-
tary transformation U3 = σz on the particle P , and the
third beam Y (A1) = −1, Y (A3) = +1, Y (A2) = +1
(probability 1/4) is subjected to a unitary transforma-
tion U4 = σx on the particle P ; in both cases the original
state |ψ〉P is recovered and recycled to get a fresh se-
quence of AK intearction and measurements.
For cos θ = 1/2, sin θ = −√3/2. the only change in
the flow chart is that
U1 → U ′1 = σzU1;U2 → U ′2 = σzU2. (24)
The probability of getting the teleported state |ψ〉A2
after 0,1,2,... recycling are 12 ,
1
4 ,
1
8 ,... which add up to 1.
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FIG. 1: A schematic diagram showing the quantum state transfer protocol for the case cos θ = 1/2, sin θ = +
√
3/2. The qubit
P is the system qubit in an unknown state, and the qubits A1,A2 and A3 are suitably prepared apparatus qubits. After an
AK type interaction, a measurement of σA1y = Y (A1) and σ
A3
y = Y (A3) separates the emerging particles into three beams with
probabilities 1/2, 1/4 and 1/4. The first beam with Y (A1) = +1, Y (A3) = +1 (probability 1/2) is subjected to a measurement
of σPz = Z(P ): this yields two beams of A2 particles with Z(P ) = +1 and Z(P ) = −1 which are then subjected to the
unitary transformations U1 and U2 respectively (see Eq. (21)) to yield the state |ψ〉A2 which can be teleported through a
quantum channel. The second beam with Y (A1) = +1, Y (A3) = −1, Y (A2) = +1 (probability 1/4) is subjected to a unitary
transformation U3 = σz on the particle P ,and the third beam Y (A1) = −1, Y (A3) = +1, Y (A2) = +1 (probability 1/4) is
subjected to a unitary transformation U4 = σx on the particle P . In both cases the original state |ψ〉P is recovered and recycled
to get a fresh sequence of AK intearction and measurements. For cosθ = 1/2, sinθ = −√3/2 the only change necessary in the
flow chart is that U1 → σzU1 and U2 → σzU2. The probability of getting the transferred state |ψ〉A2 after 0,1,2,... recycling
are 1
2
, 1
4
, 1
8
,...which add up to 1.
Entanglement Swapping. Suppose now that the
particle P sent for AK type interaction, instead of being
in a state |ψ〉P is actually entangled with another particle
R in Alice’s laboratory, and their joint state is,
|φ1〉R|ψ1〉P + |φ2〉R|ψ2〉P . (25)
Then, using the linearity of Schrdinger equation, after the
state of particle P is teleported to that of A2 in Bob’s lab-
oratory, the particle R in Alice’s lab. becomes entangled
with A2 in Bob’s lab. and their joint state is,
|φ1〉R|ψ1〉A2 + |φ2〉R|ψ2〉A2 . (26)
The main difference from the usual protocol is that the
particle A2 is taken not from a previously prepared EPR
pair, but from the final state of the Arhturs-Kelly type
interaction.
Comparison with usual teleportation protocols.
To re-iterate, our proposed scheme of quantum state
transfer followed by teleportation, differs from the origi-
nal teleportation scheme envisaged by Bennett et al [4].
The conventional scheme has 4 main steps: (i) An EPR
pair E1, E2 is shared by Alice and Bob at distant loca-
tions. (ii) The system particle P with unknown state
is received by Alice and she makes a Bell-state mea-
surement on the joint state of that particle and E1 and
(iii) communicates the result via a classical channel to
Bob; (iv) Bob then makes a unitary transformation on
5E2 depending on the classical information to replicate
the unknown system state. In the alternative Teleporta-
tion scheme reported here, the steps of EPR-pair sharing,
Bell projection and classical communication are not nec-
essary; instead, the AK entangling interaction and sin-
gle particle spin measurements are used to “transfer” an
unitary transform of the unknown state to an appara-
tus qubit. The unknown state can be recovered from the
apparatus qubit by applying the inverse unitary trans-
form, either before or after teleportation of that qubit.
Importantly, all the qubits interact in this scheme, while
in the original scheme, the qubit to teleported doesn’t
interact with Bob’s qubit. Also, this scheme could be
useful, as was mentioned before, if the apparatus qubit
is more easily transported over a quantum channel or if
it has a longer lifetime than the original qubit. Another
advantage of the present scheme, is that single particle
spin measurements are much easier than Bell state mea-
surements.
V. CONCLUSION AND OUTLOOK
We have shown that the Levine et al [27] AK type in-
teraction can generate maximal entanglement between a
system qubit and three apparatus qubits. We utilise this
to introduce a novel scheme of teleportation which has
some advantages over the conventional methods. The
main new task is the realisation of the AK interac-
tion. The technology and experimental realizations of
the AK interaction for optical quadratures (such as q, p)
are widely known in the context of optical Homodyne
and Heterodyne Tomography (see e.g. [21, 32–38]). The
present work provides a concrete motivation to extend
the technology to realize the Levine et al [27] proposal of
an AK type interaction between qubits. Possible qubit
systems are solid-state nuclear and electronic qubits in di-
amond [39], in ion-traps [40], and polarized photon qubits
as in tests of Bell inequalities [41]. Once the teleported
state |ψ〉A2 is realized, applications to long distance quan-
tum communications via quantum memory and quantum
repeaters might be possible [42–45].
Another distinct approach towards practically imple-
menting this interaction for quantum information pro-
cessing tasks is through quantum simulation [46, 47] of
the Levine et al [27] Hamiltonian. With the advent of
Noisy Intermediate-Scale Quantum (NISQ) technology
[48], many of which are already available, this could be
an interesting direction of future research.
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